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This manuscript provide the calculational details involved in the proof of the equivalence between the O {n~^) 
variance of the ETEL and EL estimator that are omitted from the appendix of “Point Estimation with Exponentially 
Tilted Empirical Likelihood” by Susanne M. Schennach. 

Whenever possible, the following calculations were verified using the symbolic calculations capabilities of Maple. 


1 Definitions 

Let 

p = {r,K\X\e')' 

p* = (i,o',o',r')' 


i) = g{xi,9) 

■ _ dg (xi,9) 

^ 80' 

To simplify the notation, the dependence of the above quantities on i and 9 is implicit. 


G = E[G{x,,9*)] 

n = E[g{xi,9*)g{xi,9*y] 


9 

G 

Cl 


"--'Xs 

i J /3=/3* 

,-1/2 ^(g-g) 

i 


99 = 


,-1/2 


X ^99 - 


J/3=/3* 


Convention for transpose: G'^ = {G.h)' 

Expectations evaluated at P = P* will be denoted by E* [...]. For instance, E* 


G 


G and E* [gg’\ = fl. 


1.1 Moment conditions for ETEL 

In ETEL, solves n"! Y.i = 0, where 
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T — T 


and where 

Define 


lETEL 


T9 

(t - t) 5 + fgg'K 
tG'k + fG'Xg'n - fG'X + tG'X 

f = exp (X'g). 


$ 


ETEL 


$ 


ETEL 

l,jk 


^ETEL 

^l,jkh 


= E* 


= E* 


= E* 




ETEL 






ETEL 


d(3jdPk 

d^^ETEL 

df3jdPkdPh 


^ETEL 


^ETEL 


$ 


ETEL 

l,jk 


$ 


ETEL 

l,jkh 


n 


- 1/2 


E< 


n 


'ETEL 

h 


/ f)^ETEL 

- 1 / 2 ^ ( '-’Vl ^ETEL 


d(3j 


- $ 


.. ) 


/3=/3* 


-i/2vf^!E!E 

dp,dl3k 


- $ 


Y 


ETEL 

l,jk j 


0=0- 


( p^ZaETEL 

- 1/2 ^ _ ^ETEL 

I dPjdPkdPh 


l,jkh ^ 


0 = 0 - 


$ 


ETEL 


$ 


ETEL 


-1 

0 

9 

0 

-1 

0 

0 

0 


0 

0 

D 

G' 

0 

0 

D 

G' 


9 u 

D_ G 

-n 0 

0 0 


J 0=0- 


0 0 

D G 

-n 0 

0 0 


where the dot replacing the subscripts denote all the elements of the matrix. 

1.2 Moment conditions for EL 

The moment conditions for the EL parameters ^k',9''^ are 


"E 


sg 

eG'k 


= 0 


where £ = (1 — K'g) ^ and k is the Lagrange multiplier of the moment contraints, which has been relabelled k to 
simplify the comparison with ETEL. Furthermore, to again simplify the comparison with ETEL, we augment this 
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vector by 1 + dim k, additional moment conditions and introduce the same number of additional parameters (r, A) 
where r £ M and A G 


n 


-1 


E 


i 


f — T 

T9 

£9 

eG'k 


= 0 


where f = exp {X'g). The additional moment conditions merely define the values of the new parameters ^f, and 


do not change the values of 6'^ . 
one can always find a value of 


Indeed, whenever 




are such that the bottom two subvectors are zero, 


that will make the top two subvectors vanish as well. Since the origin is in 
the convex hull of (^Xi, 6^ | w.p.a. 1, there exists A such that n~^ fg = 0 w.p.a. 1. Then, we can just set 
T = n-^J2iT- 

Finally, since just-identified GMM is invariant under linear transformations of the vector of moment conditions, 
the moment conditions for EL can equivalently be written as n~^ (j)^^ = 0, where 




f — T 


T9 

£9 - Tg 

eG'k 


This particular version of the EL moment conditions will drastically simplify our calculations, due to the fact that 
the matrices of first derivatives for ETEL and EL become nearly identical: 


(j)SL ^ 




-1 0 
0 0 
0 n 
0 G' 

-1 0 
0 0 
0 n 

0 G' 


-g’ 0 

G 

-n 0 
0 0 

0 0 
n G 
-n 0 
0 0 


Note that 


^ETEL 

while ^^'TEL ^el j^y single element. 

1.3 Other definitions and conventions 


= <i)^^ 


= 


^ETEL _ 




.jfETEL 
^■Jkh - 


^fETEL _ 

- ( 1 ). ^etel 

^ETEL _ 


= 



and similarly for EL. 

Again, a dot replacing a given subscript denotes a vector of all the values taken for all values of that subscript. 
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'S 


ETEL 

l.i 


e.g. = 




ETEL 


^ETEL 

L ^l+2dim A+dime,j J 

Following Newey and Smith (2001), define 


‘ ^ETEL 




ETEL 

1,1+2 dim A+dim 9 


P 

H 

E 

Identities: 


Define 


- n-^G{G'n-^G)~^G'n-^ 
(G'D-^G)“^G'D-i 
(G'D-^G)”^ 

PG = 0 
P' = P 
PVtP = P 
PVlH' = 0 
HVlH' = S 


Ir = Q 

1. = 1 

l\ = 1 + dim K 

le = 1 + 2 dim k 


These symbols will be used to isolate subvectors and submatrices. For instance, 


$ 


EL 

h,U+j 


= E 


dKj 


with j implicitly ranging from 1 to dimK. 


2 Stochastic expansion 


The following merely rewrites the conclusion of Lemma A4 in Newey and Smith (2001).using our notation. 

(/3 - /?♦) = + n-^Q. + + Op ( 71 “^) 

where 

Qi = + 

Ri = + 'i’i,jkQj^k + ^^i,jk^j^k + ^'i’i,jkh^j^k^h 


using the convention that repeated indices are summed over, e.g. 

(We also simplified Newey and Smith’s result using the fact that 'i’ljk = '^i,kj)- 

The quantities associated with each estimator will distinguished by an “ETEL” or “EL” superscript. 
The variance of {3 is: 


Var 


(/3 - r) 


= n ^Var[d>.]+n ^Var[(5.]+n ^Covar [P., T' 


n ^Covar [T., P( + o (n 
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3 Partitioned Inverse of . 


■ -1 

0 

0 

0 ■ 

-1 

■ 

-1 

[0 

0 

0] 

■ 

0 

0 

0 

G 



■ 0 ■ 


0 

0 

G ■ 

-1 

0 

0 

-0 

0 



0 


0 

-0 

0 


0 

G' 

0 

0 



0 


G' 

0 

0 



where 


0 

n 

G' 


n G 

-n 0 
0 0 
-1 


Bn 

B 21 


■ 0 
0 

0 

-0 

-1 

1 1 

0-1 ■ 

0 

2122 

— A2lA-^-l Ai2 




All Ai2 
A 21 A 22 


A-^ - 

/ill — 


-Bii = A^^ (/ + ^12-822^21^11^) = 
0-1 0-1 
0-1 0 

p p 

P P-0-1 


can be found using partitioned inverse formula: 


Bi2 

B 22 


0-1 

0-1 


/-GSG'O-i 

0 


' 0-1 0-1 
0-1 0 
-GEG'O-i 
/ 


1(^ 

- 


■ 0 


0 


0-1 
0 
G 
0 

2-1- 

■>-1 


G 

0 


-1 


S [ G' O' 


2-iGEG'O-i 

2-iGEG'O-i 


= - (G'O-iG) ^ = -E 
0-1 0-1 
0-1 0 

0-1 - O-iGSG'0-i 
-O-iGEG'O-i 


Bi 2 — —A^^ A12B22 — — 
B 21 = B '12 


0-1 

0-1 


0-1 

0 


G 

0 


s = - 


0-iGE 

0-iGE 


H' 

H' 


■ -1 

0 

0 

0 ■ 

-1 

■ -1 

0 

0 

0 

0 

0 

0 

G 


0 

p 

P 

H' 

0 

0 

-0 

0 


0 

p 

P-O-i 

H' 

0 

G' 

0 

0 


0 

H 

H 

-E 


For notational convenience, we define 




' jk 


4 ^'.Term 






■ -1 

0 

0 


0 


■ 0 ■ 


0 

^ETEL _ \hEL - 

= 'A>. = - 

-<i)-i$. = - 

0 

p 

p 


H' 


g 


-Pg 




0 

p 

P-0- 

- 1 

H' 


0 


-Pg 





0 

H 

H 


-E 


0 


-H-g 



0 






■ 0 

0 

0 

0 ■ 


Var(5'.) = E 


-Pg 

-Pg 

1 

0 

-g'P 

- 

-g'H' ] 

= 

0 

0 

p p 

p p 

0 

0 




-H-g 






0 

0 

0 

E 



5 Q. TERM 




5.1 Proof that — Qf^ = 0 

This result will imply that all the parameters (^T,k',X',9j for ETEL and EL differ by less than 
may come as a surprise since the Lagrange multipliers of EL and ET are known to differ by Op (n-i). 


(n 1). This 
However, we 
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have carefully defined the parameter vector of each estimator so that the Lagrange multiplier of EL (k) corresponds 
to the auxiliary parameter k of ETEL instead of the Lagrange multiplier A of ETEL. 


-ETEL - 


- fEL 

Auxiliary parameter of ETEL —> p^ETEL 


k^^ ^ Lagrange multiplier of EL 

Lagrange multiplier of ETEL ^ \ETEL 


X^^ ^ parameter added for convenience 

qETEL 


. 


Hence, our results do not imply that the Lagrange multiplier EL and ETEL are equivalent up to Op (n~^) but 
rather that the auxiliary parameter in fact plays the role of EL’s Lagrange multiplier in the ETEL estimator. 

Since the influence function of EL and ETEL are the same, we have that 


.1.1 Calculation of 'I' 


kj 

^Th where 


Thus, (4'^.'^ 

5.1.2 Calculation of ^ 



/ 

■ -1 0 

-g' 

)§.= 


0 0 

gg' 


g gg' - 

-gg' 


V 

0 G' 

0 

0 0 ■ 


0 


■ 0 ■ 

0 0 


-Pg 


0 

0 0 


-Pg 


0 

o 

o 


-Hg 


0 


= 0 . 




q 

G 
0 
0 



■ -1 0 g' o' 



0 


0 0 35' G 



-Pg 


0 gg' -gg' 0 



-Pg 


O 

O 

O 

_ 1 

J 


-Hg 


where 




(S^TEL _ ^EL\ 
dl3dl3’ yPh 9h j 





/ 

f — r 


f — T 

\ 

(^^etel _ ^el\^ ^ 


'^9 

(r - f) 3 + fgg'ie 

- 

rg 

sg-Eg 


1“ 

1 

_ tG'k + fG'Xg'n - fG'X + tG'X _ 

^ “I 


eG'n 

/ 


u 

(t; - 1) + (t - e) gg'n 
(f — e) G'k + fG'Xg'n — (f — t) G'X 

_ used the identity eg = = <7 ^1 + = 1? (1 

calculate Jf ^ : 

.... \ n 


where we 
To 


+ sg'K) = g + egg' 


K. 


(lETEL _ lEL 
9/33/3' \^lx + h ^Ix+h 

0 0 0 

0 -‘^gg'gh ghgg 

0 ghgg' 0 0 

G'^. 0 0 0 


/3=/3- 

Gh- 

0 


oBw -^)gh + ir- e) ghg'n) 


/3=/3* 


and 

9/39/3' 


/3=/3 

F - 'i^fe+h)] = [dmw + rG'.f^Xg'n + (r - f) G'^a) 


/3=/3* 


6 



0 


0 

„ djgg) 

d{gg ) 
dOh 
0 


G'.h 

djgg) 


d{gg ) 
dSh 

0 


G.h 
0 

Then 

^k = 0 

l^FFifFk - '^FmS = 


= [ 0 -g'P -g'P -g'H' 


where G'^ = {G.h)'■ 


- ^Flh,,k) 'j'fc = 


= [ 0 -g'P -g'P -g'H' 


/3=/3* 


= 0 

'3 h,jk 

Conclusion: Q\ 


0 

0 

0 

Gh- ■ 


0 

0 

-2E* [gg'gh] 

E* [ghgg'] 

0 


-Pg 

0 

E* [ghgg'\ 

0 

0 


-Pg 

. G'h. 

0 

0 

0 


-Hg 


0 

0 

G.h 

0 


-E* 

E* 


0 

9{gg') 

dffh 

d{gg') 

dffh 

0 


E* 

-E* 


G'.h 

d{gg') 

dffh 

d{gg') 

dffh 

0 


0 

-Pg 

-Pg 

-Hg 


= 0 


Since 'E', ^ ’I'-. = 


= 0 for all h, it follows that (^'SFJk^^ - = 0 for all 1. 


etel _ qEL ^ 


5.2 Calculation of Qf 


= QF^ ^ Qi 

QEL ^ ^EL^^ ^ 'I-. VI/SL ^ 


5.2.1 Calculation of 


^el ^ _ 


^/EL^, ^ _ 


■ -1 

0 

0 

0 


■ 0 

0 

-g' 

0 ■ 


■ 0 

0 

-g' 

0 

0 

p 

p 

H' 


0 

0 

17 

G 


0 

P17 + H'G' 

0 

PG 

0 

p 

(P-17-1) 

H' 


0 

17 

-17 

0 


0 

(P-17-i)l7 + P'G' 

17-117 

PG 

0 

H 

H 

-E 


0 

& 

0 

0 


0 

Hn - eG' 

0 

HG 

[0 


0 


- 

-g' 

0 

1 r 

0 

1 

r 

-g'Pg 

1 



0 _ pn + H'G' _ 0 _ -PG 

0 pn-n-^VL+_H'G' n-^n pg 

0 Hn- EG' 


0 


HG 


-Pg 

-Pg 

-Hg 


PnPg + H'G'Pg + PGHg 
PnPg + H'G'Pg + PGHg 
HQPg - EG'Pg + HGHg 


5.2.2 Calculation of 

^3'^FFk^k/2 = -^rF^j^FFk^k/2 where 


^j^FFhjk^k = ^jE* 


d" XEL 
dlSjOfik^l-r + h 


= [ 0 -g'P -g'P -g'H' 
= g'Pg + 0 + 0 


^g'^F.Fhjk^k = ^jE* 




_ lEL 

ogjOpk 'ku+h 


= \ll'E* 


5'fc = w.E‘ 

'00 0 
0 0 0 0 
0 0 G 
0 0 G' 0 


d^if-r) 

9/39/3' 

0 


9 (i-gh) 
9/39/3' 


= 

0 

-Pg 

-Pg 

-Hg 

= 


= g' (PflP) g + g'H' {G'P) g + g' {PG) Hg 
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= [ 0 -g'P -g'P -g'H' 


0 0 0 0 

0 0 0 0 

0 0 E* [ghgg'] E* {ghg)] 


0 0 E*[l,{ghg')\ E* 




8909' 



0 


-Pg 


-Pg 


-Hg 




8089' 


= -g'PE* [gn^ Pg + g'PE* {gug)] Hg + g'H'E* {gug')] Pg + g'H'E* 

= ({-g'P)^ E* [gg,g'] Pg) ^ + (^{g'P)^ E* {gg,)] Hg) ^ + ({g'H’)^ E* [ J- {gg')] Pg) ^ 


Hg 




g'H')^E* 




= \ 0 -g'P -g'P -g'H' 


[a+as'J J 

h 


r 9'^ lEL 

II 

s- 

II 

* 

d’^iegh-rgh) 

OlSjO^k ^l),+h_ 

8088' 


= 


J/3=/3* 


0 


0 


0 

0 2E* [gg'gh] 0 E* 

0 0 -E* [gg'gh] -E^ 


0 E* 


d{ahg) 

89 


-g'PE* [gg'gn] Pg = ({g'P), E* [g,gg'] Pg) ^ 


-E* 


d{ghg) 

89 


0 

d(ggh) 

89' 

d(ggh) 

89' 

0 


0 

-Pg 

-Pg 

-Hg 




= [ 0 -g'P -g'P -g'H' 


[ a" XEL 1 

>Tl. _ >Tl'JC* 

'o^ed'k^y 

80j80k^le+h 

X 

1 

¥ 

II 

8080' 


= 


= g'PE* 

= ({g'P),E* 


d{gjg) 

89h 


Pg + g'PE 
d{gjg') 


0 

0 E* 
0 

0 E* 
d^g 


0 0 
d{gg') 


d9h 

0 

d^g' 


0 E* 
0 


/3=/3* 

0 

d^g ■ 


0 


d9h89' 


89 


Pg] +(ig'P),E* 

h 


deaOh 

Hg + g'H'E* 
£!iLl Hg) 


3V 


d9h89> 

0 

0 

Pg 



0 


-Pg 


-Pg 


-Hg 


8989' 


8989h 

+ {{g'H')^E* 


aV 


8989i 




Collecting these 4 results into a single vector, we obtain: 
{g'P), E* [gg,g'] Pg + {g'P)^ E 
d{gjg') 




djggj) 

89' 


{g'P),E* 




'3 - \ 89 

-10 0 0 

OP P H' 

0 p (p-n-^) H' 

OH H -S 


g'Pg 

Hg + {g'H')^ E* 
{g'P),E*[g,gg'] Pg 


d{gg') 

d9i 


Pg + {g'H'), E* 


d^g 


89,89' 


Hg 


PgP{g'P)^E* 


9^93 


8989' 


Hg+{g'H')^E* 


d^g' 


8989, 


Pg 


where 


g'Pg 


{g'P), E* [gg,g'] Pg + {g'P)^ E* {gg,)] Hg + {g'H')^ E* {gg') Pg + {g'H')^ E* 


{g'P), E* [g,gg'] Pg 


d^g 


89,89' 


Hg 


{g'P),E* 

g'Pg 


9{gjg') 

89 


Pg + {g'P)^ E* 


9'^gj 


8989' 


Hg + {g'H')^ E* 


aV 


8989, 


Pg 


1+0 ^ {g'P),E*[g,gg']Pg 


+ = -P{{g'P)j E* [gg,g'] Pg + {g'P), E* {gg,)] Hg + {g'H'). E* ^ {gg') 


Pg+ 







dO-idO' 


H-g + ( 5 'P), E* [ijjgg'] Pg)+ 


-H'[{g'P)^E* 


9{gjg') 

09 


Pg+{g'P)^E* 




0909' 


HgP{g'H')^E* 




0909i 


Pg 


l 2 = -Hiig'P)^ E* [gg,g'] Pg + (g'P)^ E* (gg,)] Hg + {g'H')^ E* J- ( 55 ') 


Pg+ 


+ {g'H')^ E* 
+i:f{g'P)^E 


d^g 


09i09' 


Hg + (g'P)^ E* [g,gg'] Pg)+ 


Finally, 


9{gjg') 

09 


Pg+ig'P)^E* 


d^g, 


0909' 


Hg + [g'H')^E* 


Q909i 


Pg 


\EL 




-g'Pg ^ 


g'p 

+ ^j'^Z'^k^k/2 = 

PflPg + H'G'Pg + PGHg 
PVtPg + H'G'Pg + PGHg 

+ 5 

5i + n-i {g'P)^ E* [g,gg'] Pg 


HVtPg - EG'Pg + HGHg 


^2 

-g'PgR 




^3 + ^ i9'P)j E* IRgg'] Pg 



^4 





where 


-3 — 
14 = 




1 -e pqpg + H'G'Pg + PGHg 
HnPg - T.G'Pg + HGHg 


6 Calculation of R. 

We will prove that E — Pfg+i) ^ie+m\ = o This will be done by showing that most of the term 

comprised in — Rf^i are zero. The remaining nonzero terms will be shown to be uncorrelated with 

(up to O (n“^)). 

Since = Qf^ = Q, 

rETEL_j^EL ^ ^^ETEL _^E^q^^^^ETEL _^E^ 

+ l - ^ffk) + I 

6.1 Calculation of Qj 

= - [ 0 Hi. Hi. -Ei. 

= [ -Hi.g 0 0 0] 

Q, = = -Ri-g{.-g'Pgm = Ri-gg'i 

6.2 Calculation of ^kQj 

- ^ffk) ^kQj = ^ ^kQj where ($fjf ^ 

0 ■' 

0 

{t - 1) g + {f - i) gg' 

\ /R/ .. I 'A/ \ F/ / • 


/ 

■ -1 0 g' O' 


■ -1 0 g' O' 

\ 


0 0 53 ' G 


0 0 5 fl' G 



0 

10 ^ 

1 

Tc^i 


0 -gg' -W 0 


V 

0 G' 0 0 


0 G' 0 0 

/ 




'FFk^ ~ ^FjkJ '^k can be calculated as in Section 


Since = 


[T - 1) g + [t - e) gg K 
(r — s) G'k + iG'Xg'K — {f — t) G'X 
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- '^f^+K-k) ^k =0 

- ^Fm) ^k = 0 

{<^FFFF% - ^Fm) ^k = 


' ^ETEL ^EL \ iTr _ 

,^le + h, k - '^U + h,-k) '^k - 


Then, since ($fjf ^ 


0 


0 

0 


Gh. 


0 


-Gh.Hg 

0 

-2E 

* [gg'gh] e* [gngg'] 

0 


-Pg 


E* [gg'gh] Pg 

0 

E* 

ghgg'] 

0 


0 


-Pg 


-E* [gg'gh] Pg 

G'h. 


0 

0 


0 



-Hg 



0 


0 


0 

G'.h 

0 






0 

-E* 

d{gg) 

E* 

d{gg') 

0 



0 



-G'.hP-g ■ 


dffh 

dBh 



-Pg 


0 


G.h 

E* 

d(gg') 

dffh 

-E* 

9{gg) 

dBh 

0 


-Pg 

-Hg 


0 

0 



O: {H 

O' (^etel 

[^u+h, i 


+h,-k ~ ^Fr+h,-k'^ 'i'k — 0 


) ^kQj = Q'. {‘^>FFk^^ - ^FFk) ^k, we obtain 


ETEL _ ^EL 

It-\- 

— 


U+h,-k ) '^k — 0 


O: (<i>fjf - <i>F,Fk,.k) ^k = [ -g'P-gn s' s' + i (g'P)^. g' 


PE* [gjgg'] ^ ^ -4 


-Gh.Hg 
E* [gg'gh] Pg 
-E* [gg'gh] Pg 
0 


= ^g'p-gGh.H-g - i (g'P)^ g'PE* [g,gg’] ^-^E* [gg'gu] Pg = 

= ^Gh-Hgg'Pg - \E* [ghgkg'] ^~^E* [gjgg'] Pg {g'P)j {g'P)k 

Q'- [^FlKk-^FAh,.k) ^k = Q 

Collecting the previous four quantities into a single vector, we have 

0 
0 

\GHgg'Pg + E* [ggug'] ^-^E* [g,gg'] Pg (g'P)^. ( 5 'P), 

0 


($BT£;L _ 


= 


< 1 ) 


iXw - ^'",Fk) Qj^k = 


= - [ 0 Hi. Hi. -Si. ] 


\GHgg'Pg + E* [ggkg'] ^-^E* [g,gg'] Pg {g'P)^ {g'P), 

0 


= - {^HGH0Pg)^ - [he* [ggkg’] ^-^E* [g,gg’] Pg {g'P)^ i9'P)k)^ 

= -i (((G'ff-iG)-' G'ff-i) GHgg'Pg)^ - (hE* [ggkg'\ VL-^E* fcgg'] Pg [g'P)^ {g'P\ 

= - {\Hgg'Pg)^ - (hE* [ggkg'] fl-^E* [g^ggru] {Pg)m iPg)j ^^9)k)^ 

The first term is exactly cancels the first term of the expansion of R. (see section IfTTll . 

The second term is uncorrelated with which implies that it does not contribute to the n~^ variance. Indeed, 

all the random contributions to the second term are of the form Pg, while ^ig+i is of the form Hg and E* [Pgg'H] = 
PflH = 0. 

6.3 Calculation of 


'‘,jk 


'J'l 




(®S" 


Since 




II 

11^1 

. (^ETEL _ ^EL 
^Ih y^h,jk ^h^jk 

) 


0 



0 


0 ) - 

{T-l)g + {T- 

e)gg'K 


(t — e) G'k + fG'Xg'K 

- (r- 
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we have, in analogy with Section 15.1.21 
- ^Z+h,jk) = 0 

-~9'P -~9'P -9'H' 

= 0 

[ 0 -~9'P -~9'P -~9'H' 

= 0 

where gngg' = X!* {gngg' - E [gugg '])]and ^ 

It follows that - ^ffk) = Kh^j = 0. 

6.4 Calculation of 

6.4.1 Simplification 

Since Rig+i contributes to the n~^ variance only through its correlation with we can omit terms of Rig+i that 

are uncorrelated with 4'/^+^- The O (n~^) correlation of (^'^fg+fj'kq~^fe+ijkq'j with ^ig+m can be 

written as 

{^Wg - '^fe+Ukg) E E [^g^lg+m] + {'i'fglfX ” ^fg+l,jkg) E [4,4,] E [4fc4,,+„] + 

+ i'i’wg - K+kjkg) E [4,4,,+™] E [4fc4,]. 

Since 

0 0 0 0 

£: [^ ^'] = 0 P P 0 

-J 0 P P 0 ’ 

0 0 0 S 

a term of the form E [4,4,,+™] will be nonzero only iiq > Ig. It follows that, in the sum (4^^^^ - 4®/^^ 4,4fc4„ 
we only need to keep terms such that either j > Ig or k > Ig or q > Ig. 

Letting = ('i’fglfjkg - '^fg+i,jkg), and making use of the fact that 4,,,+,, = 4,,^,, = 4,,„fe = .. , we 

have. 


0 

0 

0 

Gh. ■ 


0 

0 

-“^gugg' 

gtgg' 

0 


-Pg 

0 

gngg' 

0 

0 


-Pg 

L Gl 

0 

0 

0 


[ -Hg \ 


?') 


0 

0 

G.h 

0 


_ / d(gg') 
V d9h 
( digg') \ 
V dSh ) 
0 


G' 


J (W) 

_ / 9(33') A 

V dSh J 

0 


1 -1/2^^ ( 




d{gg') 

den 



0 


-Pg 


-Pg 


-Hg 
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j.k,q 


etel-el; 


h+i,okq (J >le or k>le or q> Ig) 


3 k<le q 


= E E E ^ +E E E ^ O' >ioork> u) 

3 k q>le 3 k q<lg 

= E E E Kltfkq'''^^3^k^q + E E E Kltfkq'''^^3^k^ql (j > Ig OT q > Ig) 

3 k q>lg 

= EEE^E""-""’^ 

3 k q>lg j k<lg q>lg 

+E E E ij > Is) 

j k<lg q<lg 


-lg+l,jkq ^3^k'i'q^ 2^ 2^ 2^ 'i'lg+ljkq '^3^k'i'q + 


= EEE ^lg+l,jkq 

j k q>lg 

= EEE ^lg+l,jkq 

j k q>lg 


ETEL-EL^^^^^^ + E E E 


,ETEL-EL 




= EEE^ 


ETEL-EL 
lg+l,jkq 


j k q>lg 

j<lg k<lg q>lg 

= Y.Y.Y.<llfkq^'^^3^k^<,^3k 

3 k q>lg 


j k<lg q>lg j>lg k<lg q<lg 

lg+l,jkq + E E E K+Ukq '^ 3 '^k'i'q 

j k<lg q>lg j<lg k<lg q>lg 

^3^k^q + ^ E E E Klf,3k~q'''^^3^'^^<I + ^ E E E Klf,J^k-q'''^^3^k^q + 

j<lg k q>lg j k<lg q>lg 


ETEL-EL ^^ ^ ^ x^ETEL-EL 


where 


1 if J > le and k > Ig 

^jk = ■{ 3/2 if (j > Ig and k < Ig) or {j < Ig and k > Ig) 
3 if J < I 9 and k < Ig 


E,EkEq>lg^ 


ETEL-EL 




jj Z-tk Z-tq>lg lg+l,jkq 3 

6.4.2 Calculation of 


k'^q^jk — ^lgXl^hEq>le (EjEk {^h,. 


ETEL _ ^EL 
Jkq ^hjkq 






(^fEfc lo+q - k Ig+q) ^ 3 k^ 3 ^k 


Noting that 


.ETEL ±EL 


, we obtain: 


{'r-^)9+{T-e)gg'K 
(r — i) G'k + TG'Xg'n — (f — t) G'X 
(When writing the intermediate steps of the calculations, we omit the terms that will be multiplied by A or k after 
all the derivatives have been evaluated, since these terms will vanish when the true values A = 0 and n = 0 are 
substituted in.) 

(^ETEL 

y^E+h,jk(lg 




ETEL 

ETEL 


E+h,jk(lg+q) J 

= 0 

E+h,jk{lg+q) J 

= 0 

l\+h,jk{lg+q) J 

= E 


E* 


0 

0 

0 


deae„ 


0 0 E*[^^ 

0 0 0 

0 0 0 

0 0 0 


dpdp'de^ 


+ 


'de„ + d0d0'de, 9h9 k) 
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J- {rghgg') 
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0 

0 

0 

a^9h 


0 

-2E 

E* 


^ i^ahag') 
0 
0 


0 

0 

0 

0 

E* 




$ 
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0909, 
- $ 


a{ghgg') 

09g 

a{ghgg) 

09a 


E* 


a{ghgg') 

09a 

0 

0 


09'Q9a 

0 

0 
0 


EL 


lx+h,jk(le+q) lx+h,jk{lg+q) I 




= E* 


Ol3O0'O9g 

0 


0000'09 a 


+ 


0 -E 
0 
0 
0 
0 

0 E- 
0 

0 

0 


((^ - £) 

0 

(si; + e^G.hg'y^ 


E* 

0 

0 


0 

09a 


E* 


09a 


(fG.hg' 


0 

d9a 


E* 


0 

09h 

0 

0 

0 


G.h 


E* 


a^g 


09a09h 

0 


0 

0 

0 -E* 
0 


-E* 

E* 


E* 


0 

0 

0 rg 

09K^-h 

0 


{;jaG'.h + T-G.hg' 


0 

E* 

a^g' 

09g09h J 

'a^igg'Y 

E* 

) 

09g09h 

09g09h 


a^{gg') 

09a09h 

0 


-E* 


a^jgg') 

09g09h 
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It follows that 




ETEL 

lT+h,jk(lg+q) 
ETEL 


- ^ 
- $ 


EL 

la+h,jk{lg+q) 
EL 


lK + h,jk{lg+q) lia+h,jk{lg+q) 


'ilg $ 


ETEL 

l\+h,jk(lg+q) 


0 

-Pg 

-Pg 

-Hg 


- $ 


EL 

lx + h,jk(lg+q) 

0 

0 
0 


) ^feCife = 0 
) ^k^jk = 0 
) ^fcCife = ( 


Xg'n 


0^ 1 

O0O0'O9g \ 



0 

E* 

0 

09 g 

(jG-hg'^ 


T-f)G[^X 
0 ~ 

0 

0 
0 


o-' 

O9gO0jO0k 


0 


{{t -P)gh + {f - e) gg'K)^ ^jk'^k 

0 {l)E 


-2 (3) E* 
(3) E* 


a{ghgg') 

Wg 


a^gh 


09'Q9g 


{l)E* 


a^gj 


a{ghgg') 

09g 


(3) E* 


0909g 


a{ghgg) 

09g 

0 

0 


= 0, where the parenthesized terms (3) and (|) arise from ^jk 


0 

-Pg 

-Pg 

-Hg 


'ilg $ 


ETEL 


- $ 


EL 


lx+h,jk{lg+q) lx+h,jk(lg+q) 


)) 'fk^jkq = [ oeXaaO' + rG'.f^Xg'n + (r - f) 
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!33i<Oi *6' 


= [ 0 -g'P -g'P -g'H' 


= 0 


(3) E* 


0 

0 

(3) E* 

9"9' 1 

d9qd9h 

0 

- (3) E* 

9 ^( 93 ') 

d9^d9h 

(3) E* 

9 ^( 99 ') 

89g89h 


(3) E* 

9 ^( 99 ') 

- (3) E* 

9 ^( 99 ') 

d9^d9h 

dO^dOh 

99,99h 


This implies that ^ 


E 


^lETEL \[fEL 


,jkh^ 


jkq - '^J^kijk = 0 and thus that 


ETEL 




= 0 + o (n ^). 


0 

-p-g 

-Pg 

-H-g 


7 Conclusion 


ETEL _ 

ETEL _ qEL 
ETEL 


^ but E [{Rfllf^ - = o (n-2). 

In particular, the four terms entering {Rf^f^ — Rf^+i) have the following properties 
Qj = \Hi.gg’Pg (see SectionEJ. 


'^kQo = -\Hi.gg'Pg - where Erj is such that E [- 7 ,;^'/^+^] = o {n '^) 

(see Section lOl . 

( 


'^fjk^^ - '^Fjk) = 0 (see Section El. 


{'^hlfjkh - '^Fe+i,jkh) ^j^k^h = ^ 8,1 such that E =o{n (see SectionEJ- 
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